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Summary. The emf of the following galvanic cell 

KCI [ 
Ag [AgC1 3 M [CK(1) CNa(1) Cc~(1) CR(1)[ Membrane[ 

I KC1 
CK(2) CN~(2) Ccff2) C~(2) I I AgCIIAg 

3 M 

is calculated on the basis of classical irreversible thermodynamics. The membrane is 
permeable to water, K +, Na + and C1- ions, but impermeable to the anion R-.  If the 
membrane consists of separate channels for transport of cations and anions, these 
channels being charged or neutral, the emf calculated for the present cell can be approxi- 
mated by the equation 

E = (1 - -  t~l ) In UN, a In 

CN~(2)+-~ KCIr 
UNa 

which for zero transport number of C1- ions in the membrane, t~l = 0, gives 
t 

E = R_T In uNa 
F ! 

c a(2) KCK(2) 
UNa 

In these equations u" is the mobility of an ion in the membrane and C is the concentration 
of an ion in solution. K is the equilibrium constant for the equilibrium 

KC1 (aq) + NaM (membrane) = NaC1 (aq) + KM (membrane). 

The second equation is recognized as the Goldman-Hodgkin-Katz equation for 
"the membrane potential" when the membrane is cation conducting. The present equa- 
tions, however, give the total emf for the galvanic cell including not negligible contribu- 
tions to the cell potential from the KCI salt bridges. 

7 J. Membrane'Biol. 16 
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Goldman (1943) has presented a detailed calculation of the potential 
difference between two solutions separated by a nerve membrane. Goldman 
considered this to be a solid membrane immersed in a solution containing 
ions moving under the combined influence of diffusion and electrical forces. 
The membrane was assumed to be a uniform system in which the ion mobil- 
ities and activity coefficients were constant. Hodgkin and Katz (1949) 
later assumed that the concentration of ions in the membrane at its edges 
were proportional to those in the electrolyte solutions in contact with it. 
On the results obtained by Goldman and on the basis of this additional 
assumption, Hodgkin and Katz presented the well-known Goldman- 
Hodgkin-Katz (G-H-K) equation for the membrane potential. Having the 
electrolytes NaC1 and KC1 with concentration gradients across the membrane, 
the G-H-K equation is given by 

R T  In Pr~, CNa(1) + PK CK(1) + Pc1Cc~(2) E 
--F- PNa + G,(2) + 

(1) 

In this equation, E is the potential difference between the right-hand-side 
electrolyte (2), and the left-hand-side electrolyte (1), C with subscript is con- 
centration in solution of the different ions, and PN,, Pt: and Pc~ are 
permeability coefficients. These coefficients are defined as u' [3RT/aF where 
u' is the mobility of an ion in the membrane, /~ the partition coef- 
ficient between membrane and solution, a is the thickness of the mem- 
brane, and R, T and F have their usual meanings. The potential given by 
the G-H-K equation is not a measurable quantity and assumptions which 
are not possible to control experimentally must be introduced before 
measured potentials can be compared with Eq. (1). We therefore find it 
useful to present a calculation of the ernf of a concentration cell containing 
a membrane with transport properties similar to what we may find in 
biological membranes without introducing assumptions which can not be 
checked by experiment or which do not rest on well-founded thermodynamic 
arguments. 

Presentation of the Problem 

To demonstrate our alternative method for calculating cell potentials 
we choose the following galvanic cell: 

I KC1 
Ag I AgCI I 3 ~ l I CK(1) CNa(1) Cct(1) CR(1)[ �9 Membrane 

ICK(2) CNa(2)Ccl(2) C~(2) 1 3 M AgCllAg. 
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The fundamental equation for calculation of an emf of a reversible 
galvanic cell is AG + F E =  0 where AG is the total change in Gibbs energy in 
the cell per Faraday transferred. This equation is based on the first and 
second law of thermodynamics. If an irreversible diffusion process takes 
place in the cell, in addition to the process connected to the charge transfer, 
the problem can be dealt with within the framework of irreversible thermo- 
dynamics. 

The Gibbs energy of the cell will change during charge trnasfer due to 
the irreversible diffusion that takes place and due to the charge transfer 
itself. It can be shown from the postulates of irreversible thermodynamics 
(Ftrland, 1964; F6rland, Thulin & Ostvold, 1971) that the Gibbs energy 
change can be separated into two parts, one time-dependent, AG(,), and 
one dependent on the electric charge transferred, AGue ), and the last one 
only is connected to the outer emf, E: 

A GfQ) + FE = 0. (2) 

This equation is the same as the above equation for a cell with reversible 
reactions only. AG e is given by the following equation (see Ftrland & Thu- 
lin, 1968; F6rland et aL, 1971): 

o v e r  i 
cell 

where AG' is the change in Gibbs energy at and close to the two electrodes. 
The summation is carried out over all components, in the phase law sense, 
necessary to describe the system. AG e can be calculated when the cell reac- 
tion is known and when the transport coefficient of neutral components h, 

and the chemical potentials /~ of the components of the cell have been 
measured. The transport coefficient t~ simply expresses the result of a 
Hittorf transport experiment, where it is found by chemical analysis that a 
quantity t~ of component i has moved from left to right in a Hittorf cell 
when 1 Faraday of positive charge has passed through the cell in the same 
direction. Such a transport coefficient for a neutral component will depend 
on the kind of electrodes used and the frame of reference chosen for the 
movement of components. We will show that the statement that the electric 
potential difference over the cell according to Eq. (1) is created over the 
membrane, leads to a contradiction when compared with the more fun- 
damental Eq. (3). 

7* 
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Fig. 1. Schematic diagram of the concentration cell 

KC1 
Ag/AgC1 3 M I CK(1) CNa(1) Co(l) CR(1) I �9 Membrane 

[CK(2) CN.(2) Co(2) CR(2)I 3 M AgCllAg 

showing the variation of concentrations and transport numbers in the aqueous phases 
along the length of the cell 

The cell considered is shown in Fig. 1. In this cell the two electrodes and 

their close surroundings are identical and A G'= O. The integral - S  ~ #~dt~ 

gives the change in Gibbs energy due to change in composition by charge 
transfer in the different sections of the cell. In any region where all t~ are 
constant the change in Gibbs energy is zero. To calculate the total change 
in composition of the electrolyte over the different sections of the cell, the 
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choice of frame of reference for the movement of all components has no 
influence on the final result. For the region of concentration gradients in 
the aqueous phases it is most practical to refer to water as a frame of refer- 
ence. In the region of the membrane we find it most practical to refer all 
transport to the membrane as a frame of reference. The solutions contain 
the four ions K +, Na +, C1- and R- .  Due to the requirement of electro- 
neutrality, the composition may be described by the content of three 
components, e.g. KC1, NaC1 and KR. 

In biological membranes, only transport by K +, Na § and C1- ions is 
considered, and we will therefore in the following discussion assume that 
the mobility of the R-  anion is negligible in the membrane. It is convenient 
to split the integrals in Eq. (3) into three parts, one part including the 
contribution to the Gibbs energy change due to transport in the potassium 
chloride bridges, AGb, a second part including contributions to AG o from 
transport at the interfaces, AGint, and the last part which is due to the Gibbs 
energy change in the membrane, AG,,, by the charge transfer. 

The Gibbs energy change due to transport in the potassium chloride 
bridges (see Fig. 1), AGb, can be expressed by the equation: 

A G b = - l {]/KC1 d tKc I + ffNaCl d tNaCl -I-//KR d tKR } 
a---~2: 

over KC1- 
gradient 

-- I {#KCI d tKC 1 + #NaC1 d tyac1 +/2KR d tKR } 
z'--~b 

over KCI- 
gradient 

(4) 

where #5 and t, denote chemical potential and Hittorf transport coefficient 
of the neutral component i in solution, respectively. 

In the regions a - z and z' - b', water is used as the frame of reference 
for transport, and the chemical work carried out in these regions during 
charge transfer is calculated from Eq. (4). In the region of the membrane 
the membrane matrix will be used as a frame of reference in the present 
calculation. We therefore have to calculate how this change of coordinate 
system for the frame of reference will influence our calculation of the 
total change in Gibbs energy following the cell reaction. In Fig. 2 a sche- 
matic diagram of what is happening at the two membrane-electrolyte inter- 
faces, MEi(1) and MEi(2) is shown. 

When a small positive charge dQ is passed through the cell from the 
left- to the right-side electrode at reversible conditions 

t~M (2) -- tr:o (2) + t~i~o (2) CH~o (2) F 
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Fig. 2. Transport coefficient in electrolyte (HzO is chosen as frame of reference) and 
transport coefficients in membrane (membrane matrix is chosen as frame of reference) 

at the membrane electrolyte interfaces 

moles of KC1 are added to the right-hand half-cell at interface MEi(2). 
At the same time 

( ( t~M(1)- tm(1)+th2o(1) Cn2o(1) F 

moles of KC1 are taken out of the left-hand side at the interface MEi(1). 
The primed membrane framed transport coefficient t~:M is to be understood 
as the amount  measured in equivalents of KC1 which is transferred through 
the membrane for each equivalent of electric charge in a Hittorf experiment 

t C s a l t  
with C1- electrodes. Since tH2o "Cn2o normally is very small (Ca2o ~ - 

500. Cs,1,) this term can be neglected in the calculation of AGIn,. Counting 
potassium chloride, sodium chloride, potassium-R and water transport we 
get the following equation for the chemical work done at the interfaces per 
Faraday transferred: 

A G int = (tKM (2) -- tKC 1 (2)) YKC,(2) + (t~a M (2) -- tNaC1 (2))/2NaCl(2) 

+ th2o (2) PH2O (2) - (tkM (1) -- tKct (1)) #Kcl (1) 

-- (t~.M (1) -- tN~cl (1)) #N~Ct (1) -- th~o (I) #H20 (1) 
(5) 

+ t,r162 tKg(2),,~(2) 
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where the indexes (1) and (2) on unprimed quantities denote electrolyte 1 
and 2, respectively. The primed quantities marked (1) and (2) denote the 
value of these quantities on the left and right side of membrane, respectively. 

The Gibbs energy change in the membrane, AG,,, due to the charge 
transfer can, according to Eq. (3), be expressed by the equation 

t t t t ! t v v A Gm= - ~ {/ZKM d trcM + PNaM d tNaM +/~CiM d tcl~ +/-trr:o d tn~o} (6) 
g ~ z  p 

o v e r  
m e m b r a n e  

/ �9 t t where/z~M, #N~M, ~C:~ and ~tH~o indicate chemical potentials of K-membrane, 
Na-membrane, Cl-membrane and H20, respectively in membrane. The 
primed transport coefficient t~lM is to be understood as the amount meas- 
ured in equivalents of C1M (or C1-) transported from left to right through 
the membrane for each equivalent of positive charge passed in the same 
direction. 

In the present discussion we have so far used transport coefficients of 
neutral components. With electrodes reversible to the C1- anion, t~cl, 
tN~o and tKR obtained from Hittorf experiments are related to the ionic 
transport numbers, h:, tNa and tR through the relations t~cl = tK+ tR, 
tSaC~ = tNa and tKR = -  tR. The primed transport coefficients t;~M and t~;,M 
are equal to the ionic transport numbers t~ and t~a, respectively, and 
t ~ l M  = t 

- -  tel. 
Introducing ionic transport numbers, Eq. (3) can be written 

AGQ=AGb + AGint + AGm 

= -  ~ (l~gcl(dtK+dtg)+l~NacldtNa--#KRdtR) 
a. . .}z  

o v e r  K C I -  
g r a d i e n t  

- j" (atK + d t.) + F' a i d tNa-- a t,) 
z, . -+bp 

o v e r  K C I -  
g r a d i e n t  (7) 

+ (t~ (2)-- t K (2) - t. (2))/~KCl (2) + (t~a (2) -- tNa (2))/.tNaCl(2) 

+ t~2o (2)/tH2o (2) - (tk (1) - tl~ (1) - tR(1)) #KC,(1) 

- -  ( t ~ a  (1) -- tNa (1))/gNaCl (1)-- t~o (1)/~0 (1) 

- -  tR(1 ) #KR (1) + tR(2)//KR (2) 

-- f {lZ~:Mdt~:+l~aMdt~a--#'c~Mdt~l+#h~od@o}. 
z . - } z  p 

o v e r  
m e m b r a n e  

Calculation of AGe 

The transport numbers tg, tN~, t~ and to are functions of composition 
and may change along the length of the galvanic cell in a way similar to 
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what  is shown in Fig. I. Therefore, the salts KC1, NaC1 and K R  are trans- 
ported across the salt bridges when current passes through cell. This trans- 
port  will contribute to A G~ and thus to the observed emf. We will show in 
the present calculation that  this contribution to A GQ is far f rom being 
negligible. 

It should be ment ioned that  the KC1 salt bridges have been given a Na + 
and R -  content  in that  part  of the bridge which is close to the electrolytes 
(1) and (2) of the cell. This is done to make the liquid junct ion reproducible 
and well defined, and it simplifies the calculation of the integral in Eq. (7), 
and diffusion data are not  needed. It  is reasonable to assume that  this type 
of liquid junct ion will give practically the same potential as the one usually 
made. Work  to check this assumption experimentally is now in progress. 

Since the activity coefficients are usually not  known as functions of 
concentration for biological electrolytes found in living cells we may, as a 
first approximation, operate with low concentration of electrolyte and assume 
ideal solutions. 

In aqueous electrolytes the mobility ratios uduj of the ions are usually 
close to being concentration independent and the ionic transport  numbers 
can be expressed as simple functions of concentration and mobility. In the 
present case 

CK//K 
t K -- CK b/K + CN a UNa + Cc 1 l'/c1 -[- CR UR- (8) 

and similarly for all the other ionic transport  numbers.  In this equation u 
and C mean ionic mobilities and concentrations, respectively. In the differ- 
ent regions of the cell the ionic transport  numbers are changing due to the 
change in concentration of one component  (see Fig. 1). In the region a - x, 
tNa, tK and tc~ are changing since the concentration of KC1 is reduced with 
the same amount  as the concentration of NaC1 is increased. Therefore, 
tc~, tNa and tK can be expressed as functions of the concentration of Na  + 
ions. In the region x - y  the ionic transport  numbers can be expressed as 
functions of the concentration of R -  ions and in the region y - z as functions 
of the concentration of K + ions. In the Appendix the calculation is presented. 
The final result of this calculation is given by the following equation: 

A G~ = (tK (2) + tR (2))/~KO (2) + tN, (2)/~NaCl (2) -- t R (2) #KR (2) 

- -  (tK(1) + tR(1)) PKO(1) -- tNa(1) PN~C,(1) + tR(1) PKR (1) 

--RTIn C~ 
Cox(l)" 

(9) 
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Calculation of A r .  and the Cell Potential, E 

After partial integration of the last term in Eq. (6) the Gibbs energy 
change due to the cell reaction in the membrane, A Gm, is given by 

AGm = t~l:O (1)/~12o (1)-- t~i:o (2)/~:o(2) 

-- I (/'IKM dtl  q-#NaM d t~qa--//ClM dffcl-- tH20 d/t~zO}" 
z . - + z  t 

o v e r  

m e m b r a n e  

(10) 

In dilute solutions with the same ionic strength, the chemical potential 
of water does not vary much and we may therefore, in the present calcula- 
tion, without introducing any serious error, neglect the contribution to 
AGr, from the term St~2od#'u2o. 

It is practical in the final result to have an equation that relates the emf 
of the cell to the concentration of the two electrolytes in half-cells (1) and 
(2). One cannot integrate the above equation and obtain such a result 
without introducing further assumptions. We will in the following discussion 
introduce two methods to calculate A G~, one which is traditional and one 
which is somewhat different. 

Integration through the Membrane Phase 

The method which will be discussed resembles the method introduced 
by Goldman (1943) and Hodgldn and Katz (1949) but deviates from their 
calculations in the approximations introduced. 

Since the chemical potential of water is considered constant through 
the membrane (p~o(1)= #h2o(2)), the above equation can be Written 

AGm= t~o(1) ,Uh2o (1)- t~i~o (2)/~o (2) 

- j" (#iM d t i +  d t a--F'hM dth}. 
z - - + z  r 

o v e r  

m e m b r a n e  

(11) 

Let us consider a membrane which contains anion as well as cation 
channels through which anions and cations, respectively, can transport 
electric charge. These channels may partly consist of dipoles with positive 
side toward the center of the channel and partly of positively charged mole- 
cules close to the channel wall. The excess positive charge of the channel 
wall may be compensated for by C1- ions. These channels will be C1--ion 
conducting. Likewise, cation channels may partly consist of dipoles with 
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negative side toward the center of the channel and partly of negatively 
charged molecules close to the channel wall. Again the excess negative 
charge of the channel wall may be compensated for by Na + and K + cations. 

If the ion transport through the membrane takes place through such 
channels, only (i. e., that there is no free solution shunt), it is reasonable to 
assume that the C1- ion transport number will be constant through the 
membrane. The value of the constant will depend on what type of cations 
we have in solution. 

To calculate the integrals in Eq. (1 l) we will introduce the assumptions: 

(1) The membrane contains negative and positive sites over which the 
ions Na § K + and C1- can transport electric charge. There is no solution 
shunt. 

(2) The concentration of negative and positive sites in membrane is 
constant. 

(3) There are constant activity coefficients in membrane of the KM and 
NaM salts. 

(4) Equilibrium is established at the membrane-electrolyte interfaces. 

(5) The transport number of chloride ions in membrane is constant. 

The calculation is presented in the Appendix, and the final result is 
given by Eq. (A.21) 

AG,. = t~o (1)/2too (1) - th~o(2) Pmo (2) 

+ tk(1 ) PKCl(1)+ t~a(1 )/tN. o (1) -- tk(2 )/~KC1(2)- t~a(2 ) #NaCl(2) 

-RT(1 - t'e,) C m ( 1 )  . , 
In ~ + m  

' L CN. (2) + ~ K CK (2) 

(12) 

In this equation K is the equilibrium constant for the exchange equi- 
librium K C1 (aq) + NaM (membrane) = KM (membrane) + NaCl(aq). 

Introducing the results obtained in Eqs. (5), (9) and (12) in Eq. (7) we 
obtain the Gibbs energy change, A Go_, for the cell reaction 

AGo_= -RTI(1 - 
/ CNa(1) + -~--K CK(1) 

t~l) In UNa , Cm(1) (13) 
, tel In Cm (2) [" 

c~.(2) + ~ K c~(2) 
J UNa 
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The emf of the present cell, E, is thus given by 

{ ' / , Ccl(1) ] 
K C"(1) m ) �9 

E= 1,RT (1--t~l)ln , t~l 
C~a (2) + ~ K CK (2) 

UNa 

(14) 

This equation deviates significantly from the G-H-K equation when C1- 
mobility in the membrane is considered. 

If the membrane is cation-conducting only, t~l = 0 and the cell potential 
is given by 

U p 

e 1 n UNa (15) 

CNa(2) +U~a K CK(2) 

which will be recognized as the classical G-H-K equation. 

If two silver-silver chloride electrodes are dipped directly into electro- 
lyte (1) and electrolyte (2), respectively, the emf of the cell obtained, 
Ag I AgCI I electrolyte (1) I Membrane I electrolyte (2) [ AgC1 lAg, is easily cal- 
culated. 

Using Eq. (3) and referring movements of components to the membrane 
matrix as a frame of reference, we obtain 

A GQ = t~a(2 )/tNaCa(2 ) + t~(2) pKCI(2) -- t~a(1 ) PNaCl(1) -- t[(1) pKCI(1) 

' 2 ' + tn2o (2)/~n2o ( ) -  trho (2) Pn~o (1) + A Gm (Eq. (12)) 

which gives 

CN.(1)+U:K KCK(1)] 
E = ~ -  (1-- t~,) In ~ + l n  UNa 

CN.(2)+--~-K CK(2) ]" 
UNa 1 

(26) 

(17) 

Integration over Solutions in Equilibrium with Membrane 
at any Point Through the Membrane 

Instead of integrating Eq. (11) in the way just outlined, an alternative 
method will be proposed. If we assume that we can split the membrane at 
any point and introduce a solution containing Na +, K +, C1- and R -  ions 
without changing the membrane composition at that point, we can, instead 
of integrating over the membrane phase, integrate over solutions in equili- 
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brium with it (see F6rland & Thulin, 1968). I f  the transport numbers in the 
membrane are measured by the Hittorf method and the aqueous chemical 
potentials are known as functions of concentration, no assumptions, except 
that of a homogeneous membrane, have to be introduced in the calculation of 
AG,,. Due to insufficient data, however, we have to introduce the following 
assumptions: 

(1) The membrane is homogeneous. 

(2) It is possible at any point of the membrane to make a solution which 
is in equilibrium with the membrane from mixtures of the two half-cell 
solutions (Scatchard, 1953). 

(3) There are constant activity coefficients of KC1 and NaC1. 

(4) Equilibrium is established at the membrane-electrolyte interfaces. 

(5) The transport number of C1- ions in membrane is constant. 

Starting with Eq. (11) we obtain 

AG,.=t'n2o(1)#~i~o(1)-t~o(2)p~=o(2)- ~ (p~:M- P~aM) d t:~. 
z - + z  t 

o v e r  

membrane 

(18) 

Along the integration path, assumed chemical equilibrium is established 
between membrane and solution. When this is introduced in Eq. (18), we get 

t ! t ! t AGm = t.=o(1) p.~o(1) - H=o(2) ~'u=o(2) - j" 
Z--+ Z '  

over 
membrane 

{IAKcldt~ +llNacldt~a }. ( 1 9 )  

In the Appendix this integration is done and the result is identical with 
that given in Eq. (A.21). The emf of the cell is again equal to the result given 
by Eq. (14). 

Discussion 

Comparison with the Goldman-Hodgkin-Katz Equation 

In the calculation of the emf of the above galvanic cell we have used 
two methods which both are as exact as the laws of irreversible and classical 
thermodynamics. The weaknesses with the calculations, however, are the 
approximations introduced. These approximations are such that they in 
principle can be controlled experimentally. In our first method which is 
similar to traditional membrane potential-calculations we introduce con- 
stant concentration of positive and negative sites across the membrane and 
constant activity coefficients in membrane assumptions which may not be 
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likely to hold experimentally. The calculation is therefore more meant as an 
illustration of the approach than as a serious attack on the theoretical 
problems of membrane potentials. In the second method, however, the 
approximations introduced seem to us not as restrictive as in the above- 
mentioned calculation, and some preliminary experimental data seem to 
indicate that the integration path assumed in the second approach gives 
good agreement between calculated and measured potentials when the calcu- 
lation is based on measured transport numbers and activities. 

The fundamental difference between the method of emf calculation 
expressed by the G-H-K equation, Eq. (1), and the method outlined in this 
paper expressed by Eq. (14) is that in the latter one does not attempt to 
calculate any quantity that cannot be measured, whereas in the former one 
operates with unmeasurable quantities. In most cases these unmeasurable 
quantities will be combined to give measurable quantities in the final result, 
the calculated emf of the cell, so the two approaches give the same final 
answer. However, problems may arise when the former method is used, if 
one wants to bring in physical interpretations during the calculation (e. g., 
in connection with approximations introduced). 

Equations like Eq. (1) give detailed information about where the electric 
potential difference arises. In the case of the present cell, this is across the 
membrane, even though this cannot be checked by measurements. Assump- 
tions which are not possible to control experimentally must be introduced 
before measured potentials can be compared with Eq. (1). Eq. (3), on the 
other hand, can tell us in an exact way where in the cell the cause of the 
measured emf is to be found, since contributions to AG e are well-defined 
measurable quantities in any section of the cell. When the membrane is 
cation-conducting the result of the present calculation, based on Eq. (3), is 
given by Eq. (15) which is identical with the G-H-K equation for the 
membrane potential. It is evident from the present calculation that the 
contribution to the cell potential from the KC1 salt bridges is considerable. 
The statement that the electric potential difference over the cell according 
to Eq. (1) is created over the membrane therefore leads to a contradiction 
when compared with the results obtained by using the more fundamental 
Eq. (3). 

Comparison with Experimental Results 

For galvanic cells with biological membranes it is difficult to give a 
satisfactory explanation of all experimental results using the classical 
G-H-K equation. 



114 T. Forland and T. Ostvold 

Baker, Hodgkin and Shaw (1962), Baker, Hodgkin and Meves (1964), 
Spyropoulos and Teorell (1968), Barry, Diamond and Wright (1971) and 
Spyropoulos (1972) have reported extensive observations on the electrical 
properties of biological membranes. Some of their experimental results 
showed that the cell potential varied linearly with logarithm of concentra- 
tion of the external electrolyte (one solute only). A ten times reduction in the 
electrolyte concentration resulted in a change in emf ranging from 42 to 
56 mV for potassium chloride to 6 to 21 mV for choline chloride. This is 
consistent with Eq. (14) and predicts a considerable C1- ion transport in 
membranes when the cation mobility is low. 

Concluding Remarks 

In the present communication the emf of a concentration cell containing 
membrane is calculated on the basis of classical irreversible thermodyaaamics. 
Instead of making the emphasis on unmeasurable local electric potential 
differences in the galvanic cell by the calculation of an emf, as is very 
frequently done, it is demonstrated in this paper that the emphasis should 
be on the gradients of chemical potential of neutral components of the cell 
and how the concentration of these components is changed by charge 
transfer; that means on the coupling between transport of charge and trans- 
port of components. 

Appendix 

Calculations of  A GQ 

Calculation of the Gibbs energy change following the cell reaction for 
the galvanic cell 

I AgC1 KC1 Ag 3M ICK(1) CN~(1) Col(l) CR(1)[ Membranel 

KC1 
�9 CK(2) CNa(2) Cc1(2) CR(2)I 3M A g C l l A g  

will be presented here together with the assumptions made. As a starting 
point for the calculation we use Eq. (7) in the preceding text. 

A. Calculation of  AGb. 

AGb = - [. 
a- - -~z  

over KCI 
gradient  

- I 
z ' ~ b '  

over KCI- 
gradient  

(PKcl (d tK + d tR) + [INaC1 d tN~ -- PKR d tR) 

(#1~cl (d tK + d tR) d-/INaCI d tN~ --/I~:R d tR). 

(All) 
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Let us first calculate the first term, AGb(1) in this equation. 

AGbo) = -  S (#Ko(dtK +dtR)+l~NacldtNa--#KRdtR) 
a--~z 

AGbo ) = - I (I~Kcl( tK + tR) + ItNaCl tNa-- PKR tR) 
a.-+z 

+ ~. {(tr~+trt) dl~Kcx+tNadlZNaO_tRdlh(rt)" (A.2) 
a--~z 

The first term of this equation is equal to 

tK(a M) PKCl(3 r~)- (tK (1) + tR (1)) #KCt(1) -- tNa(1) PNaO(1) + tR(1) PKR (1). 

To calculate the integral in this equation one has to know the variables 
in each region where the composition changes in the bridge: In the region 

a - -  X, 

CN. = C (variable); CK = CK(3 M) -- C; CC1 "~- Cc i (3  M) = constant; 

c . = 0  

thus giving 

UK CK (A.3) 
tK= (UK+Uo) CK(3M)+(UNa--UK) C 

UNa C 
tNa = (U K + UCI ) C g (3 M) + (UNa --  UK) C ' 

In the region x -  y, 

CR = C (variable); 

= C r  M)-- C; 

thus giving 

(A.4) 

CK = CK(3 M ) -  CNa(1)=constant; 

C~. = Cry.(1) = constant 

UR C 
tR "~- (U K -[- UCI ) C K (3 M) -4- (/ANa -- UK) CNa (1) "]- (U R -- UCI ) C (A.5) 

UC, CCI 
tCl = (U K "4-/'/C1) CK (3 M) + (UNa -- UK) CNa (1) q" (U R -- UCI ) C ; 

In the region y - z, 

Cx = C (variable); 

CR = CR(1) = constant; 

(A.6) 

CN, -- CN,(1) = constant; 

co, = c +  cN (1)- cR0) 
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thus giving 
UKC 

tK-- y, U~ C~ (A.7) 

Ucl Ccl (A.8) 
tcl -- ~ ui Ci �9 

i 

Further, the chemical potential of a component will be expressed by the 
product of concentrations, e.g. PKC~-- #Ocl = R T l n  CK �9 Cc~ corresponding 
to the ideal solution approximation. The integral in Eq. (A.2) then will be 
equal to: 

Integral=RT{ ~ (tK d ln CK + tN, d ln Cs,) a--+ x 
+ I ((tK + tNa + tR) d In Ccl- tR d In C) 

X-+y 

+ ~ ((tK+ tR) (d In C + d In Cc~) + tsa d In C o -  tR d In C)} 
y--+Z 

{~ u N , - u ~  dC = RT . x (UK+Ucl) CK(3M)-[-(UNa--UK) C 

(( + S y  1 (UK+Ucl)CK(3M)+(uN.-uK )CN.(1)+(ug-ucI ) C Ccl 

URC d e )  (A.9) 
(U K "-~ UCI ) CK(3 M) -[- (UNa -- b/K) CNa (1) + (UR-- Ucl) C 

t uc, Cc, 
+,-,~J" ~, Z u, c, c ~ Cc~ Z" ,  c, Cc, 13 

f i 

Integral= RT{ID (1 q-(b/Na-- UK) CNa(1) 
(UK + ua) CK (3 M), 

( (UR--Uc1) CR(1) ) Cc,(1) } (A.10) 
- l n  1 + (UK+Ucl) CK(3M)+(UNa--UK) CN,(1) +ln Ccl(3M) 

where UK = UO has been introduced since the mobility of potassium and 
chloride ions are almost equal in aqueous solutions. The two first terms of 
Eq. (A.10) are usually very small, and they may be expressed approximately 
by RTln (1-+ (UNa--UK)CNa(1)--(UR--Ucl)CR(1)) 

(UK+Ucl) CK(3 M) 

The change in Gibbs energy over the KCl-bridge ( a -  z) will thus be 

AGb(1) = tK(3 M)/~KO (3 M) - (tK(1) + tR(1)) ~KC1 (1) -- tN, (1) #NaCI (1) 
( (UNa--UK) CNa(1)--(UR--Ucl)CR(1) ) 

+ tR (1) PKR (1) + R TIn 1 q- (UK + UO) CK(3 M) 

+RTln Ccl(1) (A.11) 
Cc1(3 M)" 
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An analogous change in Gibbs energy A Gb(2) will take place in the 
right-side KCl-bridge, and the total change in Gibbs energy AGv for both 
sides will be 

A Gb = (tK (2) + tR (2))/*Ka (2) + t~a (2) #N.O (2) - tR (2) P~:R (2) 

- (tl~ (1) + tR (1)) ktKCl(1) -- tNa(1) gNaCl (1) + tR(1) gKR (1) 

-RTIR  (I +.(UNa--UK)(CNa(2)--CNa(1))--(U~--Ucl)(Ca(2)--CR(1)) ) 
(uK + Ucl) CK(3 M) 

Ccl(2) 
- R T  In Co( l )  (A.12) 

where the term 

- R T I n  (1 + "(uNa-uK)(CNa(2)-CNa(1))-(~R-I2"CI)(CK(2)-CK(1)) ) 
(uK+ uo) CK(3 M) 

will generally be very small and may be omitted. 

B. Calculation of  AGm; Integration Through the Membrane Phase. Accord- 
ing to Eq. (t 1) the Gibbs energy change for the cell reaction in the membrane, 
AGm, is given by 

A G,. = t~,o (1) P~2o (1) - t~2 o (2) Pn,o (2) 

-- I {l~MdtK+PNaMdtNa--#'clMdtcl}" z,..z a 
o v e r  

m e m b r a n e  

(A.13) 

We have assumed that the membrane has a constant number of positive 
sites and dipoles with positive side to CI- channel over which C1- ions can 
carry charge, and a constant number of negative sites and dipoles with 
negative side to cation channel over which Na + and K + ions can transport 
electric charge. We further assumed that the transport number of the CI- 
ion is a constant when the electrolyte composition on both sides of the 
membrane is given. 

At the membrane-electrolyte interfaces the following exchange equilibria 
are assumed to be established 

KC1 (aq) + NaM (m) = KM (m) + NaCl(aq). (A.14) 

We therefore have at both interfaces 

8 J .  M e m b r a n e  Bio l .  16 

t ! 
PKCl -- PNaCl = #KM-- #N.td" (A.15) 



118 T. Forland and T. Ostvold 

The equilibrium constant, K, for this 

dilute solutions be expressed by 

K -  CNa C~ 
CK C~a 

exchange equilibrium may for 

(A.16) 

After partial integration of Eq. (A. 13) we introduce the assumption of 
local equilibrium at the two interfaces. We then obtain 

,4 G m = th2 o (1) #H2O (1) -- th2 o (2) #H2o (2) 

-}- tK (1) (#KCI (1) -- #NaC' (1)) -- t~r (2) (#KC1(2) -- #N.O (2)) 

q" #~qaM (1) - -  #NaM (2) + t~, (2) #~M (2) - t~l (1) #~.M (1) (A.17) 

+ 
Z-~2' 

OVer 
membrane 

{ t~  d # ~  M d- t~q a d#~qaM ) .  

In this expression, however, t~a+ t~:~e 1 since tel 4:0 and AGm cannot be 
calculated without knowing the value of the chloride ion transport number. 
When we assume that t~ is constant through the membrane, the transport 
numbers for K § and Na § ions in the membrane may be expressed by 

' ' , , 

t~ = ( l  - -  t~l ) UK CK tNa = (1 -- to) , , , . (A.18) v p t t 
UK CK +Um CNa UK CK + UN~ CN~ 

We will now introduce a new variable, x, such that 

C~a = C~a(1) + (C~a(2)- C~ (1)) x = C~(1) + AC~,x 

C~= C~(1) + (C~:(2)- C~ (1)) x = C~(1) + AC~cx. 

With constant activity coefficients and C~=cons tan t ,  Eq.(A.17) 

becomes 

A G m = thz O ( 1 ) #n20 (1) -- t~2 o (2) #HzO (2) 

+ / [ ( 1 )  (#Kr ( 1 )  - - # N a C l  ( 1 ) ) -  t [ ( 2 )  (#go (2) - #NaO(2)) + (1 -- t~) 

�9 t i 
i f r ! #N"M(1)--#NaM(2)+ RT x 0 ~ ui Ci(1)+ ~ uiACix dx 

i i 

1 i t " ~  
+ S uNaACNa t[ x=o Eu;C;(1)+Eu;AC;x dx 

i i 

(A.19) 

where ~ means the summation over K + and Na + ions. 
i 
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Integrating Eq. (A.19) we obtain 

AGm= (1) (1) - th2o (2)  ,.2o (2) 

-~ tK ( 1 ) (/AKC 1 ( ] ) --/'/NaCI ( 1 )) -- tK (2) (/'/KCI (2) - ]gNaCl (2)) AI- ( 1 -- tC1 ) 

c a(2)+ 
�9 _ _ _ _  

(A.20) 

When the equilibrium constant for the above exchange equilibrium is 
introduced in this equation we get 

A G,. = th~o(1) #.~o (1) - th2o (2)/~n2o (2) 

+ t{r (1)/./KCl (1)  q- t{q a (1)  PNaCl (1)  - -  t~C(2 ) k/KC1 (2)  - -  t{q a (2)//NaCl (2)  

. Cc1(2)  - CN"(2)+~'KNKCK(2) (A.21) 
+RT(1-t~l) In ~ + l n  C N a ( 1 ) + ~  

C. Calculation of AG,,; Integration Over Solutions in Equilibrium with 
Membrane at Any Point Through the Membrane. According to Eq. (19) the 
Gibbs energy change for the cell reaction in the membrane, A GIn, is given by 

A G,, = th2o (1) ph2o(1)- th~o (2) p{i2o (2) 
_ ~ {pN~cldt~,+#ir162 (A.22) 

jg-,z t 

By integrating this equation by parts remembering the equilibrium at the 
interfaces (P}~:o =/~.~o), we get 

A G m = th~o (1) #H~O (1)-- th:o (2)/~-20 (2) 

+t~(1)#N~Cl(1)+t~(1)lZKCl(1)--t~(2)#NaCl(2)--t~(2)l~r.Cl(2) (A.23) 

+ ~ (tN~dktNacl+t~idliKcl)" 
Z..a,Z" 

Introducing the assumption of constant activity coefficients the Gibbs 
energy change in the membrane is given by 

AG,, = t~ho (1)/trho (1)- t~2o (2) #rt~o (2) 

"~ tK(1 )/.,/KC1 (1) -]- tbla (1) j[/NaCl (1) -- t~:(2) PKcl(2) - tl~ (2) #N~a (2) (A.24) 

+RT{ ~ (tkdlnXKCtCc,+t~.dlnXN. CtCc,)}. 
z.-~z* 

In this equation XN. and XIr are ionic fractions XN, + )irk = 1 and C, = 
CN.+ CK= Cc~+ CR is the total salt concentration�9 Since t~ is assumed 
8* 
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constant the integral of Eq. (A.24) can be written 

f Cc1(2) Ct(2) t 
I n t e g r a l = R T  (1-t'cl)~cc!l) dlnccl+c,(t)S dlnC 

+ ~-.z, ~ ( t~ d ln XK + t~a d ln XNa) } (A.25) 

( ,  C c i ( 2 ) . ,  C t (2 ) .  xN~(2) u ~ - u ~  K dXNa } 
=RT(1--t 'cl)~mc~l(1)+mC--C~txN20) U~qa XNa "-~- Ul(S K K 

where the equilibrium constant, K, for the above exchange equilibrium is 
introduced. When the integration is performed and the result introduced 
in Eq. (A.24) the change in Gibbs energy in the membrane becomes: 

A G m --- th20 (1)/2H20 (1) -- t~t20 (2)/~H20 (2) 

+ tk(1) ]AKC 1 (1) + t~q a (1)//NaCI (1) -- tk(2)/tKO (2) -- t~a (2)//NaCI (2) 

Ccl(2) , UNa . 
In  .Jn KC (1) 

UNa 

(A.26) 
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